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Encounter of Statistics and Physics

Error theory

(since the 1800s)

Y

Sample (Data)

Observable

incomplete measurements

[Epistemology]

Statistical mechanics
(since the 1850s)

1::':-:. .: :l/

Random variable

State (Particle motion)

Unobservable

Invisible but existing truth
[Ontology]

Share the same concept, while the underlying philosophies are distinct.
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. e
Parting of Statistics and Physics

Statistical inference Quantum mechanics
(since the 1910s) (since the 1920s)

A

__H { \¥ Probability density
Density estimation function (PDF) Doppler spectroscopy

“Indirect” evaluation Q’

Sample — Inference
[Epistemology] [Ontology]

“Direct” measurement

Observation — Reality

Passed each other due to differences in direction in the 20th Century.
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N -
Reunion of Statistics and Physics

Bayesian statistics Plasma physics
(since the 1920s) (since the 1920s)
Posterior density : === Poppley

Natural
Stark
- Observed spectrum ,l

" " ' W, , $ Data with error bars //
= N el
- o y\ j Least\-\squaress I |
wa Regression T
Uncertainty of parameters problems broadenings & noise

Inverse problems with uncertainty . ‘ Direct problems of measurement

Sample & Direct problem — Inversion Underlying function — Convolution
[Epistemology] [Ontology]

Regression problems in hierarchical generative models are a
meeting ground of the two fields — and also a new frontier.
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Preliminaries: Math of Bayesian regression

— On parametric regression —
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. -
Setup: Observations adding Gaussian noise

Vi=flxgw)+ N | (=12-m)

{Y}1.n: Sample y

Y; = y;: Realization (datum) An arbitrary curve -
x = x;: Observation point

x; =xi—1+L/(n—1)

(L == x,, — x1; Fixed interval)

f € {fx}: Arbitrary function of x
w: Parameter set of f

N;: Observation noise

Y;|x;: conditionally independent
L

N;~N (0, ~1) Gaussian noise I: - :l Fixed
I . -1 »
I'e" YiNN(f(xir W);ﬁ ) xl Xz .X'3 xn X
,B_l > 0: Noise level (variance) Equally spaced

Data are realizations of random variables following a Gaussian distribution
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. -
Revisiting ordinary least squares (OLS)

n
1
E,(w;f) = Ez{yi — fx;;w)}? Mean squared error (MSE)
=1
y
An arbitrary curve - °,
E,(w; f)
L
N X
= ) —
e.g. flx;w)=w; +wyx
x . Least-squares solution T w = {wy, w,}

w = argmin E,,(w; f)
w

w . )
1 A closed-form solution is available

« ” only for linear regression
Ground state” of parameters

How certain are the “optimal” parameter values obtained?
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. e
Bayesian regression as an extension of OLS

n
1
E,(w;f) = Hz{yi — fx;;w)}? Mean squared error (MSE)
i=1
Y
Posterior probability density An arbitrary curve -
) high .
i.: '-:;. Wo ',
CD ?t‘i 2:’ ) low . - « ° 'x
= . 141 < e.g. flow) =w; +wyx
L x  Least-squares solution e w = {wy, Wy}
pe w = argmin E,(w; f)

W»o Wy w
w ~ p(wl{xi, Yi}l:nl f) Posterior distribution

Statistical ensemble” of parameters Regard parameters as random variables

Uncertainty quantification of distributed parameter values
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Formulation based on a probabilistic model

Chain rule p({xir YL}1n|W)P(W) — p(W|{Xi, Yi}lzn)p({xi' Yi}l:n)

Y

X

Distribution of observed data

YiN p(Yilxi,W)
— N(f(xu W), ﬁ_l)

f(x;; w): Regression function
B~*: Noise level (variance)

n: Sample size

m—'} F 4 E

high

(Conditional) independence

Distribution of parameter va/ues

p(Yihalw) = | [p0iaw) | w ~ p(wlfg, Y1)
i=1

==

X exp [— % n(w; f)] p(w)

Normality of observation noise

ﬂpmxl w) = (—) exp |~

p(w): well-behaved function
[almost flat prior distribution]

— E,(w; f)
Wf] E,(w: f): MSE

“Error propagation” from observed data to parameter values
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. s
From regression to model selection

Regression: To estimate w while D" := {x;,Y;};.,, and f are fixed

Distribution of high

wy|
parameter values p(w|D™, ) < p(D™|w, flp(w|f) ()

Likelihood  p(D™w, f) = (%)g exp [—%En(W; f)] | , [

p(w|f): well-behaved function E,(w; f):MSE  p~1:noise level

low

{ — Marginalizew  p(f|ID™) = j p(w|D™, Fp(f)dw Analytically intractable

in many cases

— Model selection: To estimate f € {f}, f5, - } while D" is fixed
: best
Distribution of models p(f|D™) < p(D™|f)p(f) o N
%0.4
Marginal likelihood  p(D"|f) = fp(D"IW,f)p(wa)dw g"
DL_ 0.1
_ R proportional const. of () |
p(f): unform distribution of f € {fx} (normalizing) i fofsfu fs
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Bayesian model selection (BMS)

p(fID™) < p(D™|f)p(f)

Probability

o

“max

L fsfa fs

D™: Observed data
f: Model

p(f): Unform distribution
of f €{f1, [z}

“equally likely”

The maximizer of p(f|D") is a valid model.
(choose from candidates with their uncertainties)

Probabilities of models outside the candidates are 0.
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Model selection of ion velocity distributions

— Revealing the statistical nature of a linear magnetized plasma -

1. ST, et al, “Bayesian inference of ion velocity distribution function from laser-induced
fluorescence spectra”, Sci. Rep., 11, 20810 (2021).
«  Press release: "X XEFE Z BWCRED HBEEDBEITEZFHF” (in Japanese)
« Grants: JSPS KAKENHI (20K19889), etc.
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. -
lon velocity distribution in magnetized plasmas

[Moseev & Salewski, Phys. Plasmas, 2019]

bi-Maxwellian cold/warm ring slowing-down
—_ 4 ' ' ' 1 —cold '
Q o.sl — Gaussian |
2 .
e >0.4| |
YL s | U |
4 2 0 2 4 . | \
v, [10® mis] -5 0 5 15
I u [10°® m/s]
I’, ————————— \‘ ( \ I{ —————————— ‘I I‘ —————————— ‘I I’, ————————— \‘ ’, ————————— \‘
i Electrons; lons i Electrons!: lons ! Electronsi: lons |
1 | 1 1 1 1 | [ | 1
I I R et ! MNemmmmmeee ’ i :
Tey # Te,uf [Tin # Ti L [ - ] LT, [ Fast ions ]Tl- !
' I ast ions ' 4 4 -
‘\ --------- l’ \ ) ‘\ ——————— * —f/’ ‘ \: ——————— l’

The velocity distribution function reflects the macroscopic state,
while determining it experimentally is a nontrivial problem.

(It is often “assumed” that each species follows a bi-Maxwellian distribution.)
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N -
Observation via Doppler spectroscopy

E.g., Maxwellian distribution

£(v) = n m exp — m(v + Av)?
' 27TkBT 2kBT

- Particle
velocity v

: . . L
—Av Aw + w,

Av: Bulk fluid flow velocity Aw: Frequency shift reflecting 4v
(0 if in thermal equilibrium) ha,: Eigen energy of the particle

The velocity distribution function can be observed as absorption bands.
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. -
Spectral changes due to quantum effects

[Boivin & Scime, Rev. Sci. Instrum., 2003]

E.g., Zeeman effect

Zeeman splitting
(Fine structure)

Application of ‘ >
@ @  magnetic field @ @

Eigen energy

v

D)

probability density
probability density

The spectral shape reflects not only the velocity distribution function, i.e.,
atomic motion, but also quantum effects, i.e., internal degrees of freedom.

(It is often “determined” by the order estimation whether such an effect is negligible.)
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. -
Realities in studies of magnetized plasmas

Experiment Observed data Theory
(Doppler & Zeeman) (frequency spectra) (velocity distribution)
m(v + Av) >
hk o 2 "
/\J\/\? 8 ﬂ’v
§ 04 g *.'.‘ v, [10° mis]
l o / A
| E s \ A SO )
: t 7 A i Electrons; | lons
: W s ) I
‘ ‘ i ‘ ‘ Measure - ‘ ‘ Interpret T,y #To i | Ty # Tit
o ;0 -5 0 5 i\ A\

Laser frequency (GHz) ~ Smmmmmemes

Previous studies: Often assuming a Maxwellian distribution and fitting via OLS.

Our approach: ‘-'

Selecting a valid model of observed data from among candidates, including non-
Maxwellian distributions, also divided into those w/ and w/o quantum effects.
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Model selection of ion velocity distributions

o
oo

Fluorescence intensity
"t
o

Laser frequency (GHz)

slowing-down
Maxwellian

w —wy (GHz)

[ST, et al,, Sci. Rep., 2021]

We developed a methodology to select a statistically
valid model of laser-induced fluorescence data.

« Absorption band of Ar ions in magnetized plasma

Modeled by two types of ion velocity distribution
functions, also classified as w/ or w/o Zeeman effect

Posterior model probabilities Candidate models
1 T T T T T
distributions splittin
| Most valid ’ _ Sk
- for the left data Model | no ions -
5 ! 1 | Modelll  Maxwellian without
o]
DE_’ 0.4} 0.3765 0.3847 1 Model llll Maxwellian with
Model IV slowing-down without
0.2
o Model V. slowing-down with

Although Zeeman splitting must exist,
only a slight difference in probabilities.

Candidate models

[No unauthorized use or redistribution]
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Scaling behavior of Bayesian regression

— Dependence of model selection on the quality and quantity of data -

2. ST, et al., "Intrinsic regularization effect in Bayesian nonlinear regression scaled by observed
data", Phys. Rev. Res. 4, 043165 (2022).
«  Press release: : "FHAIT — Y DEVEICNT 2N XEED R T — ) > 7 Bl % fZER”
(in Japanese)
« Grants: JSPS KAKENHI (20K19889), etc.
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. e
Trade-off between resolution and sensitivity

E.g., Time-resolved spectroscopy

AT > >
Energy Energy
Time Time
Framerate AT!: Low Framerate AT!: High
SN ratio: High SN ratio: Low

Framerate (time resolution) and SN ratio (sensitivity) are incompatible.
— There exist noisy data whose sample size is large.

[No unauthorized use or redistribution] 19



.
Mystery of “phase transitions” in BMS

(BMS = Bayesian model selection)

E.g.,

Peak separation

K: # of spectral peaks
chosen by BMS

Ground truth

400 \ \ T
® Observed data =5
3001 (w/ noise) K =0
200 1
L) o®
00, e
0t " .s e ."
-100 | PR .
e o -
-200,
~300 e : :
0 2 4 6 8 10

“Uninformative”

Noise level

8 \
,"‘. —— Spectral peak
i % |=- - Superposition

0 i
nn

4

2

0

0 2 4 6 8 10

> |_ow

6 8 10
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.
Mystery of “phase transitions” in BMS

(BMS = Bayesian model selection)

E.g.,

Peak separation

K: # of spectral peaks
chosen by BMS

Ground truth

N
\

N Spectral peak

— - = Superposition

!

1
i1
[
n ni

400 \ : . .
® Observed data =5
3001 (w/ noise) K =0
200
L) °
00, e :
0t " .s e ."
-100 | PR .
o o -
-200,
~300 e : :
2 4 6 8 10

“Uninformative”

2 4 6 8 10

> |_ow

Noise level

3 —_
|
I3
o
4+ 1t
1
.
2 { “
o §
O‘ul—o.—’* "'/ g’-v&.-o:.*r
-9 . A .
0 2 4 6 8 10

“Gross structure”

6 8 10
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. -
Mystery of “phase transitions” in BMS

(BMS = Bayesian model selection)

Ground truth

E.g., Peak separation . \
;".‘ —_— gpectral p_te;ak
P i | |— - - Superposition
K: # of spectral peaks i [
chosen by BMS 4
2
0
_2 L L L L J
0 2 4 6 8 10

High < Noise level > Low
400 ‘ : : : 8 : ——— . 8 : : , :

Observed d = A ~ —~
300'.(W/S:<;;/see) e K=0 6 it K=1 2 if\t K =2
1000 L ea e e LT 4 bt c

. L ] 00.0 .. L[] , ‘
0" . s - 2 R 2
100} A oo - / t
. .« ® O“_o,'_o..._..":;‘: \‘._v.,.._‘..*' 0
_200’. .o . . . -
-300 — : : -2 : ' : -2 , k k
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
“Uninformative” “Gross structure” “Fine structure”
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. e
Mystery of “phase transitions” in BMS

(BMS = Bayesian model selection)

How do the quality (and quantity)
of data affect BMS?

Conventional asymptotic theories ignore such effects.

(Low) (Data quality) (High)

High < Noise level > Low
400 : : : : 8 : : : - ~ 8 : . -

Ob d dat <5 ;’\ = =
300-.(w/sne<;;/s%)aa K=0" 6 it K=1 6 il‘x K=2
200, . . . _ ." “‘ 1
00l et e e L, 4r Pt | af 4

% oo * ....o ¢ ® * o ’ * .o .. , \
0'. e . %ttt ..'b...; 2 l. “ | 2 |
-100f . .0.. ¢ .I.O .'.. * o. 1 . . - ../ ‘* * .o N
o . -t . e P N i T
_200 ﬂ. S .o . . . . - e
~300 2 4 6 8 10 2 2 4 6 8 10 & 2 4 6 8 10
“Uninformative” “Gross structure” “Fine structure”
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. -
Theory of “proportional high-noise regime”

[ST et al., Phys. Rev. Res., 2022]

Fineness of

Finite-size observations ¢ = T
scaling _ Ry,
1 K — OO
b=0 (;) Conventional theory Y
n — o0
Kkl (B) == —log Z,,(B) »  kE,(B) = kE,,(wy) + Alogn + ---
Bayes free energy p=0() [S. Watanabe, Neural Comput., 2001] A: RLCT
2 82 |
Ca(B) = (5) UERW)?) — (En (D)} Ca(B) — A
B =0(1/logn)
n — o0
1 K,[* — o
B=0 <_) 1 p 1
n Crn(B) = A(x) + 0, +—+ _
logk B~ n\/E n: Sample size

B~1: Noise level
(---)* : Ground truth of (--+)
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. s
Scaling behavior of Bayes free energy

%=-0]1 n:Sample size
=B P K=1|7% _
=] — k=2 B~1: Noise level
-6 :
c
2
(=) 3
.E E
© ]
o 3
w il (LT Lol { L i A Lol Lo Lol L Lol |_
102 10° 102 10* 10°
Low <€ Fineness of observations k := nf > High
K=0 K=1 K =

> The minimizer K of F(x, K; w*, K*), the solution of BMS, does not always
coincide with the ground truth K*, and changes at transitions points of k.

— As k increases, the models selected shift from simpler to more complex ones.
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Takashi Nishizawa
(Kyushu Univ.)

Application of Gaussian process regression

— On nonparametric regression —

3. T. Nishizawa, ST, et al., "Estimation of plasma parameter profiles and their derivatives from
linear observations by using Gaussian processes", Plasma Phys. Control. Fusion 65, 125006
(2023).

« Pressrelease: &M= E AW 72 AV HmETFEEFF (in Japanese)
« Grants: JSPS KAKENHI (20K19889, 22K20358), etc.
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. -
Setup: Observations adding Gaussian noise

Vi=flxgw)+ N | (=12-m)

{Y}1.n: Sample y

Y; = y;: Realization (datum) An arbitrary curve -
x = x;: Observation point

x; =xi—1+L/(n—1)

(L == x,, — x1; Fixed interval)

f € {fx}: Arbitrary function of x
w: Parameter set of f

N;: Observation noise

Y;|x;: conditionally independent
L

N;~N (0, ~1) Gaussian noise I: - :l Fixed
I . -1 »
I'e" YiNN(f(xir W);ﬁ ) xl Xz .X'3 xn X
,B_l > 0: Noise level (variance) Equally spaced

Data are realizations of random variables following a Gaussian distribution
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. -
From parametric to nhonparametric model

Vi=flxi=) +N; | (=12-m)

{V;}1:n: Sample y

Y; = y;: Realization (datum) An arbitrary curve -
x = x;: Observation point

x; =xi—1+L/(n—1)

(L == x,, — x1; Fixed interval)

f € {fx}: Arbitrary function of x

Y;|x;: conditionally independent
L

N;: Observation noise

N;~N (0, ~1) Gaussian noise I: - :| Fixed
. _1 R
l.e., YiNN(f(Xi—),ﬁ ) X1 Xy X3 ** Xp X
,B_l > 0: Noise level (variance) Equally spaced

Data are realizations of random variables following a Gaussian distribution
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. -
Nonparametric model with resolution matrix

[ =1,2,,
Yi:Z.Mijf(xj)HVi 8:12...21))
, 2,0,

{Y}1.n: Sample y

Y; = y;: Realization (datum) An arbitrary curve -
x = x;: Observation point

x; =xi—1+L/(n—1)

(L == x,, — xq; Fixed interval)

f € {fx}: Arbitrary function of x
M;;: Spatial (or temporal) resolution
N;: Observation noise

Y, ‘{Ml’f’xi}m: conditionally independent

L .
N;~N (0,8 ~1Y Gaussian noise |: - :| leefi
Ie’ YLNN(f(xl)I ﬁ_l) x1 xz x3 xn X
£~1 > 0: Noise level (variance) Equally spaced

Data are realizations of random variables following a Gaussian distribution
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. e
Gaussian process for line-integrated quantities

[T. Nishizawa, ST, et al., Plasma Phys. Control. Fusion, 2023]

Electron density Electron density gradient Electron number
3.0 3.5
s drts O (c) “Merpg;
3.01
~ ¥ 9 dpr
tf/n\ CT] 2.5 X b1
| g 2 3
OV 2.0 [ X
& -
~ 154 X g
Q )
=~ S 10
\4 -
0.5+
3.54.0
0.0 R (m) X

325 3.50 3.75 4.00 4.25

R (m)

Spatial sensitivities

25

o ()

fury
w

Moy (au.)

LL Estimating from integral quantities
T oz os  oe observed via laser interferometers
o 1) spatial profiles of their derivatives

oo w
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. -
Physics-informed Gaussian process regression

Incorporation of physical laws Quantification of plasma fluctuation
[T. Nishizawa, ST, et al., PPCF, 2024] [T. Nishizawa, P. Manz, ST, et al., PoP, 2025]

- Extension for axisymmetric plasma  + Extension for spatial scanning
measurements by moving the probe

Observations (via magnetometry etc.)

iy (cm)
1 w01 (b
¢ A Spatial smoothness = ( ) ” ‘
Gaussian process (closed-form) = MWWWWM
0.0 0.5 10 15 2.0 25 30 35 40
Plasma current distribution time (ms)
(Prior distribution) ; z (cm)
. 20' A sub-ti sor]
MCMC sampling |&— Grad-Shafranov S ﬁc)/\ ) 7“ i
eq. (Likelihood) Sy W \ | M e NWAYY A
_ 0 2 2.000 2.0;5 2.050 2.075.‘/ 2\,100 2.125’ 2.150 2.175
x (cm) time (ms)

Solution space of GS eq.

Autocorrelation in a sub-time series as an error

Bridges between Bayesian statistics and plasma physics
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I -
Summary

» Relationship between statistics and physics Do
— Error theory and statistical mechanics \ " , I
— Epistemology and ontology g & .
~ Regression of hierarchical generative models ;/ g
- Parametric Bayesian regression e
— Model selection of ion velocity distributions - s
— Theory of “proportional high-noise regime” s

¢ Data with error bars /;
1

» Nonparametric Bayesian regression
— Gaussian process with resolution matrix
— Gaussian process with physical properties

—m-EE ==

1. ST, et al, “Bayesian inference of ion velocity distribution function from laser-induced fluorescence spectra”, Sci.
Rep., 11, 20810 (2021).

2. ST, et al., "Intrinsic regularization effect in Bayesian nonlinear regression scaled by observed data", Phys. Rev.
Res. 4, 043165 (2022).

3. T. Nishizawa, ST, et al., "Estimation of plasma parameter profiles and their derivatives from linear observations
by using Gaussian processes", Plasma Phys. Control. Fusion 65, 125006 (2023).
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